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Abstract 
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CN The purpose of this paper is to describe a general and simple setting for 

^ defining {g,p + (7)-string operations on a Poincare duality space and more 

^ ^ generally on a Gorenstein space. Gorenstein spaces include Poincare duality 

spaces as well as classifying spaces or homotopy quotients of connected Lie 
groups. Our presentation implies directly the homotopy invariance of each 
{g,p + g)-string operation as well as it leads to explicit computations. 

Shriek maps play a central role in string topology and its generalizations. Follow- 

ing Dold, various presentations have been given ([2],|1], [ID]). Usually shriek maps 

are defined in (co)homology for maps f : N ^ M from a closed oriented n-manifold 

^ to a closed oriented m-manifold. Here we will consider shriek maps at the cochain 

C level and in a more general setting. 

More precisely we work in the category of (left or right) differential graded mod- 

^ ules over a differential graded Zfc-algebra {R,d) {Ik is a fixed field), that we call for 

OO sake of simplicity the category of {R, (i)-modules. Its associated derived category 

^ is obtained by formally inverting quasi-isomorphisms, i.e. the maps that induce 

isomorphisms in homology and hereafter denoted by ~ in the diagrams. In the 

^ derived category the vector space of homotopy classes of maps of degree q from the 

O (i?, (i) -module {P,d) to the (i)-module (Q,d) is then denoted by Ext^(P, Q). In 
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other words an element ip G Ext^(P, Q) is represented by a morphism of differen- 
tial i?-modules P' ^ Q (also denoted if by abuse) where (P', d) is some cofibrant 
replacement of {P,d). The induced map H{P,d) = H{P',d) H{Q,d) will be 
rS denoted H{^p). 

For recall, an oriented Poincare duality space of (formal) dimension m is a path 
connected space M together with an orientation class [M] G Hm{M) such that the 
cap product by the orientation class, 

-n[M]:H*{M)^H,_^{M), 

is an isomorphism. The fundamental class of M is the element um G H^{M) such 
that < ojm, [M] >= 1 where < , >: H*{M) (g) H^{M) Ik denotes the Kronecker 
product. The definition of an oriented homotopy type is clear from the above defi- 
nition. 

We consider a puUback diagram, 

q 

E' ^E 

(*) p' p 

Y f Y 

N 
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where [H) 



N is an oriented Poincare duality space of dimension n , 
M is a 1-connected oriented Poincare duality space of dimension m . 
p : E ^ M is Si fibration , 
H*{E) is a graded vector space of finite type. 

Theorem A. With the notation above there exist unique elements 



f G Extj7(™ )(C*(iV),C*(M)) andg^- G ExtlZ^^^{C* {E') , C* (E)) 
satisfying: 

1. H*{f){uN)=UJM; 

2. In the derived category of C* {M)-niodules the following diagram commutes, 

C*{E') ^ C*+'^'"\E) 



C'ip') 



C'ip) 



C*{N) — ^ C*+"-"(Af) . 

Moreover, if the homotopy fiber of the map f is a Poincare duality space then H* (/') 
and H*[g ) coincide with the respective integrations along the fiber. 

It is immediate from theorem A that if M and N are closed oriented manifolds 
then H*[f) is the usual cohomology shriek map in the sense of [21 Chap.VI-Def.11.2]. 

As a first example, consider a smooth embedding of compact oriented manifolds 
/ : A" — > M^. Let be a tubular neighborhood of /(A) in M. Denote by 
Vt G C''^~"'{y,dV) a cocycle representing the Thom class of the relative bundle 
(V, dV) — > A. Then we have a sequence of maps of C*(M)-modules, the second one 
being the Thom quasi-isomorphism, 

C*(A) ^ C*{V) ^ C'*+'"-"(\/, dV) ^ C*+"{M, M \ /(A)) ^ C*+™~'^(M) . 

This sequence induces a if* (M)-linear map H*(N) — >• if*+(™~")(M) which maps the 
fundamental class to the fundamental class. Therefore this sequence defines in the 
derived category a representative of the shriek map /'. Another representative of 
the same class can be constructed as follows. Let -ip : {P,d) ^ C*(A) be a cofibrant 
replacement of C*(A) as a C*(M)-module. We denote by capM and capAr the 
cap products with representatives of the orientation classes in C*(M) and C=k(A). 
The lifting property of cofibrant models (see §1.2-(SF3)) furnishes the following 
homotopy commutative diagram of C=i,(M)-modules, 

{P,d) ^- - C*+"^-"(M) 

By construction, (f is unique up to homotopy. Moreover, H*{(f) : H*{N) H*{M) 
maps the fundamental class to the fundamental class. Therefore ip is also a repre- 
sentative of f. 
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As a second example, consider a fibration p : E ^ M with base a 1-connected 
oriented Poincare duality space of dimension m and fibre F := p~^{{bo}). Applying 
Theorem A to the puUback diagram 



(t) 



{boY 



■E 

V 

Y 

M 



yields a well defined homomorphism H*{j') : H*{F) H*'^'^{E) called the inter- 
section map with the fiber. This morphism generalizes the intersection map defined 
by Chas and Sullivan ([3j). See [20] for another description. 

Theorem A can be used to give a homotopy invariant definition of the loop product 
on a 1-connected oriented Poincare duality space M of dimension m. Consider the 
puUback diagram, 



LM Xm LM 



(**) 



M 



LM X LM 



pxp 



M X M 



where A : M — > M x M denotes the diagonal map, LM is the free loop space, 
LM = M^ , and p : LM —>■ M is the usual fibration that associates to a loop its 
base point. Diagram (**) sastifies conditions (H) above. Therefore, by Theorem A, 
there exists a unique class 

q- G Ext^,^LMxLM) {C*{LM Xm LM),C*{LM x LM)) . 

Denote by c : LM x m LM LM the composition of free loops. Then the linear 
map of degree m 

H*{q-) o H*{c) : H*{LM) — > H*{LM) (g) H*{LM) 

coincides with the dual of the loop product (coefficients in the field Ik) 

• : H,{LM) ® H4LM) H,_rr.{LM) 

when M is closed oriented manifold ([3], [S], [T3]). 

More generally, let be a connected surface of genus g with p + q boundary 
components considered as a cobordism between the union of p > 1 incoming circles 
and q > 1 outgoing circles. The embedding of the incoming circles leads to a 
cofibration j : UpS^ S inducing for each space M a fibration qs : Map (5, M) — > 
{LM)P. 

For instance, for g = 2, p = 3 and q = 2, 



out 
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Using Sullivan chord diagrams ([?]) the fibration ^5 can be viewed as a puUback 
fibration in a diagram of fibrations 



Map(^, M) 

is 

Y 

(LM)P — 



-M 

A 

'M 



Recall that a Sullivan chord diagram of the surface is a graph, C, homotopy 
equivalent to S and composed of p circles and r trees Tj whose extremities are t 
distinct points on the circles. For instance in the chord diagram 




p = 3, r = 4 and t = 11. 

Then we have a commutative diagram of fibrations 



Map(5, M) Map(C, M) ^ Ul=i Map(Ti, M) 



is 



1C 



It 



Y 



(LM)P ^^^= (LM)P ^ M* 

where qt and denote the evaluation maps at the extremities of the trees and 
qc denotes the restriction to IIpS*^. Since each Tj is contractible, the map is 
homotopy equivalent to a product of diagonal maps A : M"^ — > M*. This shows that 
the fibration qs is homotopy equivalent to the pullback of A along some map ip. 

Assume that M is a 1-connected oriented Poincare duality space. Then by 
Theorem A, there exists in the derived category of C*((LM)P)-modules a well defined 
(up to homotopy) morphism 

{qs)' : C*(Map(5,M)) ^ C*~^^{{LMr) , 

of degree —mx where x = (2 — 2(7 — p — g) denotes the Euler characteristic of S. 
The cohomology {g,p + q) -string operation induced by the surface S, 

H\{LMy) -> H*-"'>'{{LMY) , 

is defined as the composition of H*{{qsy) with the morphism H*(Map{k, M)) when 
k denotes the inclusion of the outgoing circles into S. For closed oriented manifold 
the dual of these cohomology {g , p + q)-stTmg operations coincide with those defined 
by Cohen-Godin, [7]. 

In [T7] Gruher and Salvatore prove that the loop product is an oriented homotopy 
invariant. We generalize this result to all the string operations defined on a Poincare 
duality space. 
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Theorem B. If M is a 1-connected oriented Poincare duality space then all the 
{g,p + q) -string operations on H^,{LM) depend only on the oriented homotopy type 
ofM. 

We will now explain how string operations can be extended to Gorenstein spaces. 
For recall, a differential graded augmented ^fc-algebra is called a Gorenstein algebra 
of dimension d if Ext^(Zfc,y4) = {0} if k ^ d and Ext^(Zfc,y4) = {0} has dimension 
one. (Here the field Ik is considered as a trivial module while A acts on itself by 
left multiplication.) A path connected space M is called a Ik-Gorenstein space of 
dimension d if the nondegenerated singular cochain algebra C*{M) is a Gorenstein 
algebra of dimension d. Gorenstein spaces have been introduced in [iTj in relation 
with the Spivak fibration. Examples of Gorenstein spaces are given by Poincare du- 
ality spaces, classifying spaces BG of compact connected Lie groups G and rational 
spaces with finite Postnikov tower. More generally, ii F ^ E ^ B is a. fibration in 
which i? is a Gorenstein space and F a Poincare duality space, then E is a. Goren- 
stein space ([H]). As an application, if G acts on a path connected Poincare duality 
space M then the homotopy quotient EG x ^ M is a Gorenstein space since it is the 
total space of the Borel fibration M —>■ EG XqM BG. String operations of those 
spaces have been recently studied using stacks and bivariant homology theory ([Ij). 

For a Poincare duality space M, the construction and the uniqueness of the string 
operations on LM were depending only on the existence and the uniqueness (up to 
homotopy), in the derived category of C*(M" )-modules, of a map of degree d{n — r), 
A' : G*{M^) — > C*(M"'), for r < n. The main tool to define string operations on 
Gorenstein spaces is the following Theorem C. 

Theorem C. Let X be a 1-connected Ik-Gorenstein space of dimension d, and for 
r < n let A : X"^ X" be the product of diagonal maps X X"*, I]i=i = 
Then, 

Extc*(X")(C*(X"),C*(X")) = s("-'^)^i7*(X";/fc), 

where G*{X^) is viewed G* {X"')-module via A. 

This implies that, up to homotopy and up to the multiplication by a scalar, there 
is in the derived category of C*(X")-modules a unique non trivial class of morphism 
of degree (n — r)d, 

A- : C*(X") ^ C*(X"), 

and for each surface S of genus g with p + q boundary components. A' induces a 
map 

(g5)':C*(Map(5,X))^C*((LX)^), 

in the derived category of C*((LX)''^)-modules. This map {qs)' is uniquely defined 
up to homotopy and up to the multiplication by a scalar. In the same way as 
in the Poincare duality case, we can now defined string operations for Gorenstein 
spaces. We give in section 5 some computations. In particular, considering the 
(0, 1 + 2)-string operation, we prove: 

Theorem D. Let Ik = Q and let BG be the classifying space of a connected compact 
Lie group then the loop coproduct H^{L{BG)) H^{L{BG)) ® H*{L{BG)) is 
injective. 
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Section 1 contains brief background material on cofibrant objects in the category 
of differential graded algebras and differential modules. In section 2, we define shriek 
maps for Poincare duality spaces and prove Theorem A and B. In section 3 we 
consider string operations on Poincare duality spaces. Section 4 is devoted to the 
characteristic zero case. We make there use of Sullivan minimal models for making 
computations. In section 5 and 6 we extend the previous definitions to Gorenstein 
spaces and we prove in particular Theorem C. 

1 Models for algebras and modules 

1.1 Conventions 

All vector spaces are defined on a fixed field Ik and the unadorned ® and Hom mean 
with respect to Ik. Graduations are written either as superscripts or as subscripts, 
with the convention = V-k- We say that the graded vector space V has finite 
type if each is finite dimensional. The graded dual of V is denoted by l^* i.e. 
V* = (V^)*. 

Differential graded algebras {R,d) are assume to be of the form R = {R'^}k>o 
with differential d of (upper) degree +1. If is a graded vector space, T(y) denotes 
the tensor algebra on V. 

Unless we say otherwise, we shall use the word {R, (i)-module for (left or right) 
differential Z-graded module over a differential graded algebra {R,d). Let {Q,d) 
and {Q',d) be i?-modules, we denote by Hom^(Q,Q') the graded vector spaces, 

Hom^(g,g') = llliomn{Q\{QT') 

with the differential D defined by Dip = do if ~ {—l)^ifod. 

Recall also that the i?-linear maps '^,ip & Hom^((5, Q') are homotopic if ip — ip = 
DO for some 6 E Hom^-^(Q, Q'). 

1.2 Semifree modules in the category of i?- modules 
Definition. Let {R, d) a differential graded algebra over the fixed field Ik. 

(i) A R-semifree extension of an R-moduIe {Q, d) is a morphism of -R-modules of 
the form {Q,d) "—^ {Q V, d) in which 

(a) i is the obvious inclusion. 

(b) V = V{k) with y(0) C ■ ■ ■ C V{k) C ■ ■ ■ sub vector spaces of V 

(c) d{y{<d)) C Q and d{y{k) (lQ®V{k-l),k> 1. 

(ii) If Q = -R we say that {R ® V, d) is a R-semifree module. 

Semifree modules are cofibrant objects in the category of i?-modules. We recall here 
their main properties, see [HI Section 6] or \)^ § 2] for more details. 
Let ip : {Q, d) {Q', d') be a morphism of i?-modules. 
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(SFl) admits a relative R-semifree model, i.e. there exists a commutative diagram 



P 




where (Q, d) ^ (P, d) is a i?-semifree extension of (Q, d). In particular {Q — R 
and (/? = 0), every i?-modules admits a R-semifree model. 

(SF2) If P is a P-semifree module and if </? is a quasi-isomorphism then Homi?(P, (/?) : 
Homi^(P, Q) — > Hom7i(P, Q') is a quasi-isomorphism. 

(SF3) Given a diagram of morphisms of P-modules of the form 



Q—r-Q' 

where i : Q "-^ P is a P-semifree extension and rj is a quasi-isomorphism, then 
there exists a morphism of P-modules ip' : Q ^ Q" (unique up to homotopy) 
such that ip'i — ip and rjip' ~ ip. 

By definition, if P is a semifree model of N, then, 

ExtJ(iV,Q) := P" {Romn{P,Q)) 

while if {Q',d) is a right module, 

Tor^(g',Ar) ■.^Hr.iQ'^nP) . 



1.3 Bar constructions and Hochschild chain complex 

Let A — Ik ® A he & supplemented graded differential graded algebra, N a right 
74-module and M a left 74-module. The two-sided (graded) bar construction on 
A,M and A^, B(iV,A,M), is the differential bigraded vector space M{N,A,M) = 
(TV ® T{sA) ® M, d) defined as follows: 

For > 1, we write n[ai|a2|...|afc]^^ = n® sai ® . . .® sa^ ® m G Mk{N. A, M). If 
A; = 0, we write n[\m = n®l®m e N ® T°(sA) ® M. The differential d = do + di 
is defined by 

k 

dQ{n[ai\a2\...\ak\m) = d{n)[ai\a2\...\ak\m — ^{—iy'n[ai\a2\...\d{ai)\...\ak]m 

1=1 

+ {-lY>'+^n[ai\a2\...\ak]d{m) 

k 

di{n[ai\a2\...\ak]m) = (-l)l"lnai[a2|...|ajk]m + ^{-lY'n[ai\a2\...\ai_iai\...\ak]m 

i=2 

-(-l)''=n[ai|a2|...|afe_i]afcm 



Here ej = |n| -l- 



'j<i 



\sa^ 



The (graded) bar construction on A is the differential graded coalgebra MA = 
B(Zfc, A, Ik), (see [ISl (4.2)]), whose comultiphcation is defined by </)([ai| ■ ■ ■ la,.]) = 

ELo [OlI ■ ■ ■ ® ■ ■ ■ l«r]- _ 

For each A-module M, M{Ik, A, M) is a B(74)-comodule and the morphism ip : 
B(y4,74, M) — * M defined by y9(a[]m) = am is a A-semifree model for M, [131 
Lemma 4.3]. 

Denote by A"^ the opposite algebra and hj A'^ = A^ A°^. The bar construction 
M{A, A, A) is a A'^-semifree model of A. The Hochschild chain complex of A is the 
complex CH^,{A) = {A, d) ®a<= (IB(^, A, A), d) where A is viewed as a A'^-module via 
the multiplication. Its homology HH^{A) = Tor a<^{A, A) is called the Hochschild 
homology of A (with coefficients in A). 

1.4 Free models 
Definition. 

(i) A free extension of a differential graded algebra {A, d) is a morphism of differ- 
ential graded algebras of the form (A, d) (A U TiV), d) in which 

(a) i is the obvious inclusion. 

(b) y = Ufe V{k) with y(0) C ■ ■ ■ C V{k) C ■ ■ ■ subspaces of V 

(c) d{y{<d)) C A and c/(r(A;) C AY[T{y{k - 1)), A; > 1. 

(ii) If A = Zfc we say that (i?, c/) is a free extension. 

Free extensions are cofibrant objects in the category of differential graded algebras. 
We recall here some of their main properties, see [19], [13] or [12] for more details. 
Recall only that two morphisms of differential graded algebras ip^ip : T{y) R are 
homotopic if there exists a {(p, '?/')-derivation 6 such that Lp — ip = do9 — 9od. 

Let {A, d) and let (A', d) be differential graded algebras and let if : {A, d) — >■ 
{A' , d') be a homomorphism of differential graded algebras . 

(FEl) ip admits a relative free model, i.e. there exists a commutative diagram 



where {A,d) ^ {AY[T{V) is a free extension of {A,d). In particular every 
differential graded algebra admits a free model. 

(FE2) Given a homotopy commutative diagram in the category of differential graded 
algebras of the form 



{A]\T{V),d) 




{T{V),d) 



^{A,d) 



V 



Y 



{T{V®W),d) 



{A',d) 
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where i is a free extension of {T{V), d) and rj a quasi-isomorphism, then there 
exists a morphism of differential graded algebras (unique up to homotopy) 
i)' : {T{V ®W),d) {A, d) such that = ip and rjip' ~ (p. 

Moreover, if t] is surjective and the diagram commutative, we can choose ip' 
such that rjilj' = (p. 

(FES) If 7] : {T{V),d) A and r]' : {T{W),d) ^ A' are free models of {A,d), then 
there is a quasi-isomorphism a : {T{W),d) (T{V),d) such that r] o a is 
homotopic to r]'. 



2 Poincare duality spaces 
2.1 Shriek maps 

Let M be an oriented Poincare duality space of dimension m, X any path connected 
space with homology of finite type and / : X — > M be a map, then C*{X) is a 
C*(M)-module via /. Therefore, for each integer q we have a canonical linear map 

e : Ext^,(^,)(C*(X),C*(M)) ^ Hom''(i7-''(X),i7-(M)) ,^ ^ M . 

Lemma 1. ([21]) With the above notations, the hnear map 9 is an isomorphism. 

Proof. Let ip : R C*{X) be a C*(M)-semifree model of C*{X). Then by 
property (SF-2) of semifree models, the cap product with a cycle representing the 
orientation class of M, capM '■ C*{M) — > C*(M), induces a quasi-isomorphism 

Romc^^M){R,C*{M)) ^ Homc.(M)(i?,C,(M)) . 

Now let us consider a linear basis, {rii)i, of Hom(if™'~'^(X), iJ"'(M)) and the 
corresponding basis {[ai])i of Hm-q{X) under the linear isomorphism 

Hom(/7"-5(X),ff™(M) = Hom(i7"^"^(X),Zfc) = /f^_g(X) . 

By definition Oj is a cycle in Cm~q{X) and we denote by capa^ : C*(X) ^ C=k(X) 
the cap product by Oj. We deduce, for each i, a homotopy commutative diagram in 
the category of C*(M)-modules of the form 

R C* (X) 



capM 



C*{X)^C.{X)^C4M) 

Since 6{ilJi) = rji, 9 is surjective. In fact this is a bijection since the two vector 
spaces have the same dimension. This last fact comes from the Cartan-Eilenberg 
associativity formulae. Indeed, 

Ext^,(^,)(C*(X),C*(M)) = HomfTorf (^^)(C*(X),a(M)), Jk) 

^ Hom (Tor?THc*(X), C*(M)), Jk) 
^ Hom(iy"^-9(X),Zfc). 
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□ 

Lemma 1 implies directly the next result. 

Theorem 1. Let M and N be two Poincare duality spaces and f : N ^ M be a 
map. Then there is, in the derived category of C* (M) -modules, a unique map (up 
to homotopy) 

f ■.C*{N) ^ C*{M) 

such that H*[f) maps the fundamental class of N to the fundamental class of M. 

Now let consider diagram (*) and hypothesis (H) from the Introduction. Then, 

Theorem 2. In the derived category of C*{E)-modules there exists a unique map 
(up to homotopy) g' : C*{E') C*{E) making commutative the diagram 

C*{E') ^ ^C*{E) 

A 



C*(P') 



C*{N) C*(M) 

Proof. Denote by {P,d) C*{N) a C* (M)-semifree model of C*{N) and consider 
C*{E) as a right C*(M)-module via C*{p). Since M is simply connected, by ([11], 
Theorem 7.5), there exists a quasi- isomorphism of C*(i?)-modules 

C*{E) ®c*(M) {P,d)^C*iE') 

that makes C*{E) ®c*(m) iP,d) a C* (E)-semifree model of C*{E'). 

Now let f' : {P,d) C*(M) be a shriek map associated to / by Theorem 1. 
The tensor product 

g'- = l^f: C*{E) ®c*(M) {P, d) C*{E) ®c*{M) C*{M) 

is a morphism of left C* (i?)-modules making commutative the diagram 



C*{E) ^c^M) {P,d)^C*{E) ®c'{M) C*{M)^^C*{E) 

A 

C'(P) 

(P, d) C* (M) 

with h{a) = 1 ^ a, a E R. 

We write (P, rf) = (C*(M) O V,d) with d{V{q)) C C*{M) O V{q - 1). Then 
C*{E) ®c'(M) {P, d) ^ {C*{E) V, d) with d{V{q)) C C*{E) ® V{q - 1). Since g- is 
completely determined by its values on V^, there is only one way to extend f into a 
map g' of C* (i?)-modules. □ 

Consider once again the diagram (*) with the hypothesis (H). Denote by {R,d) 
a semifree model for C*{N). We can then associate to each morphism of C*{M)- 
module k : R ^ C*{M) the morphism of C*(E)-module l^k : C*E®c'mR C*E. 
This correspondence defines a linear map 

$ : Extc*(Af)(C*(iV),C*(M)) ^ Extc.(ij)(C*(i?'),C*(i?))) . 
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Clearly from the definition of ^f', we have 

9- = ^{f) ■ 



2.2 Homotopy invariance of the shriek maps 

Consider now the following commutative diagram 

q 

X 





X' 



E' 



N 




M 




N' 



r 



M' 



where 



M and M' are 1-connected 

M, M', N and N' are Poincare duahty complexes 
H*{E) and H*{E') arc finite type vector spaces 
The vertical maps arc fibrations 

q and q' are respectively puUback of p and p' along / and /' 

Theorem 3. With the above notations, if h, h' , k and k' are homotopy equivalences, 
then, 

H*{g'-)oH*{k') = H*{k)oH*{{g')'-). 



Proof. The naturality of the isomorphism 9 described at the beginning of section 
2.1 gives the following commutative diagram of isomorphisms 



E-Kic*M'{C*N', C*M) Extc*M'(C*A^', C*M') 



Extc*M(C*A^, C*M) 



Here p and a are the evident isomorphisms, pO{f) = H*{f') o H*{h') and a9{f'\) — 
H*{h) o H*{f'\). Now cr(/'!) = p{f-) because their images by 9 coincide. Now by 
the naturality of $ we have a commutative diagram of graded vector spaces where 
p' and a' are the evident isomorphisms induced by the homotopy equivalences k and 
k'. 



Extc*E{C*X, C*E) 



E-xic*E'{C*X',C*E) 



Extc-(M)(C*iV, C*M)p ^ Extc*(M')(C*^', C*M)a ■ 

In particular p'{g') — cr'{g''). This implies the result. 



-Ex.tc*E'{C*X',C*E') 

Extc*^M'){C*N',C*M') 

□ 
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2.3 Naturality of the shriek maps 

We consider a diagram of fibrations over B, 

g 

X 




B. 



We form the puUback of this triangle along a map f : B' ^ B: 




Theorem 4. If B and B' are 1-connected oriented Poincare duality spaces, and 
H*{X) and H*{Y) of finite type, tlien, 

H*{g) o H*{k-) = H*{h-) o H*{g') : H*{Y') H*{X) . 

Proof. We put {R,d) = C*{B) and we denote by if : {R,d) ^ {R ® V,D) an 
i?-semifree model of C*{f). We denote also by '■ {Ri, d) — > (i?2, d) a model of g in 
the category of differential graded i?-algebras. Then a model of g' in the category 
of i?i-modules is 

® 1 : {Ri, d) ®R {R ®V,D)^ {R2, d) ®r {R ®V,D). 

Now denote hy 9 : {R®V,D) ^ {R, d) a representative for /'. The maps C*{g) o k- 
and h' o C*{g') are given respectively by 

{Ri, d) ®R {R ® V, D) {Ri, d) ®R {R, d) = {Ri, d) ^ {R2, d) . 

and 

d) ®R {R ® V, D) "^S' (i?2, d) 0R {R ® V, D) {R2, d) . 

Since C*{g) o /c' and o C*{g') are homotopic, they induce the same map in coho- 
mology. □ 

2.4 Integration along the fiber 

Let F ^ E ^ B he ci fibration in which F is an oriented Poincare duality space 
of cohomological dimension d and B a 1-connected space. The integration along 
the fiber is the hnear map, Jp : H*{E) — > H*~^(B), defined as the composition of 
natural maps arising in the Serre spectral sequence of the fibration 
H*{E) E*J c El''^ = H*{B) O H'^{F) ^ H*-^{B) . 
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Theorem 5. With the notation above, if E and B are oriented Poincare duahty 
spaces, then H*{p') : H*{E) — > H*~'^{B) is the integration along the fiber. 

Proof. The differential graded algebra C*{E) admits a semifree C*(i?)-module of 
the form {C* (B) ® H* (F) , d) with d{H''{F)) C C*{B)® H<''{F) ([II], Lemma A.3). 
In this setting it is clear that the integration along the fiber is the map induced in 
homology by the composite 



C*{B)(^H*{F) 



We remark that (f is a morphism of C* (i?)-modules of degree —d = b — e where b = 
dim B and e = dim E . Moreover the image by H* {(f) of the fundamental class of E 
is the fundamental class of B. The results follows now from the uniqueness property 
in Theorem 1. 

□ 

p' 

Theorem 6. If the fibration F E B is the puUback, along a map f : B ^ M, 
of a fibration F ^ X M in which all the involved spaces are Poincare duality 
spaces, then H*{{p'y) is the integration along the fiber. 

Proof. Let (C*(M) (g) H*{F),d) be a semifree model for C*{X). Then the tensor 
product ®c*(M) iC*{M) (g) H*{F)) ,d) is a semifree model for C*{E) as a 

C*(S)-module. The respective integrations along the fiber are then given by the 
morphisms ip and (p' in the following commutative diagram, 



C*{M) (g) H*{F) — ^ C*{M) O (F)) C*-\M) 

c*(/)®i C'U) 
C*{B) ® H*{F) ^ C*{B) ® (h*{F)/H<'^{F)) C*-'^{B) 



Since cp and ip' are respectively morphisms of C*{M) and C* (i?)-modules of de- 
gree dimM— dimX, the uniqueness property of Theorem 2 implies that p>' is a 
representative of the shriek map {p')'- □ 

2.5 The intersection map with the fiber 

Consider the diagram (f) of the introduction. 



{boY 



E 



Y 

M 



By Theorem 2, in the derived category of C*(-E)-modules there exists a unique 
morphism (up to homotopy) f making commutative the diagram. 



13 



,1 

C*{F)^^C*{E) 

A A 

Jk ^(7*(M) 

where H*(r) is the multiphcation by the fundamental class of M. The morphism 
H*[f), is called the intersection map with the fiber, and the purpose of this section 
is the description of a model of H*(j') in terms of cochain complexes. 

Let iT{V),d) be a free model of C*(M) ( cf section 1.4) and i : {T{V),d) 
{W (8) T{V), d) be a right {T{V), (i)-semifree model for the fibration p: E ^ M, i.e., 
there is a commutative diagram of right T(y)-modules, where the vertical lines are 
quasi- isomorphisms 

{T{V),d) '-^(P^T{V),d) 

C*{M) ^ ^ C*{E) . 

Since M is 1-connected, we may suppose that V — V-^. We denote by q : 
{T{V),d) -» {A,d) a surjective quasi-isomorphism of differential graded algebras, 
with A° — Ik and A^"^ — 0. Using q we define the cochain complexes 

(P, d) := (P ® T{V), d) ®T{y) (Ik, 0) and (P (g) A, d) := (P ® T{V), d) ®t[v) {A, d) . 

Finally we denote by a; a cocycle in A representing the fundamental class of H[A) — 
H*{M). 

Theorem 7. With the notation above, the map of right A-modules 

{P,d) ^ {P (S> A,d) , x®u , 

is a representative of f. 

Proof. Let k : {T{V),d) ^ {T{V © W),d) be a relative free model for C*{p) : 
C*{M) C*{E), and {T{V),d) ^ {T{V ® E),d) be a relative free model for 
C*{i):{C*{M)^C*{{bo}). 

{T{V), d) ^ {T{V ®W),d) {T{V), d) {T{V © E), d) 

C*(M) "^-^ ^C*{E), C*{M) ^ ^C*{{x}). 

Since {T{V®E),d) is a left (T(\/), rf)-semifree module, r G Ext^,(^) (Zfc, C*(M)) ^ 
Ext^(-y)(Zfc, T(y)) can be represented by a morphism of T(V)-modules of degree g, 

u:{T{V®E),d)^{T{V),d). 

Therefore by Theorem 2, f is represented by the morphism of left {T{V © W),d)- 
modules 

l^u: {T{V ®W),d) ^T{v) {T{V ®E),d)^ {T{V ®W),d) ^t{v) {T{V),d) = T{V ®W),d). 
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Now observe that the projection q : {T{y)^d) — > {A,d) makes {A,d) a {T{y),d)- 
module and we have a commutative diagram of (T(l^), (i)-modules 

{T{y ®E),d) ^ {T{V),d) 



{A,d). 



{lk,0) ^ 

where ^^(l) = gz^(l). 

Since {T(V © W),d) is a (T(V), (i)-semifree module, taking the tensor product 
with (T{V ®W),d) over T{V) yields a commutative diagram of (T(V ® W),d)- 
modules where the vertical lines are quasi-isomorphisms 



{T{V ®W),d) ^T{v) {T{V ®E),d) 



{T{V®W),d)(^T{v)Jk- 



{T{V®W),d) 



{T{V(BW),d)(^Tiv) {A,d), 



and 1 (8) </? is a new representative for f. 

Since two semifree models of a differential module arc always quasi-isomorphic, 
we have a quasi-isomorphism of (T(l^), (i)-semifree modules 

e:(P® T(V), d) T{V ®W),d). 

Thus tensoring by (^4, d) yields a quasi-isomorphism of {A, (i)-semifree modules 

e®l:{P®A,d)^ {T{V ®W),d) ®T{y) {A, d) . 

Now the commutativity of the diagram 



{T{V®W),d) ®T(,v)^- 

A 

em 



{T{V®W),d) ®T{v) {A,d) 
A 

(P A, d) 



(P, d) := (P ® A, d) ®A /A ■ 
shows that the map \ ® ip : (P, d) [P ® A, d) is a representative for j\ 

Now note that uj and (/^(l) represent the fundamental class, the map if is thus 
homotopic to the map : (Zfc, 0) {A, d) defined by = to. The maps 1 ® ip 

and 1® ip' are then also homotopic and both represent j - □ 



2.6 The integration map with the fiber in the free loop space 
fibration 

Let M be a simply connected oriented Poincare duality space, and VtM — > LM — > M 
be the free loop space fibration. We denote by {A, d) a differential graded algebra 
quasi-isomorphic to C*{M) and satisfying A^ — k and A^'^ — 0, with m — dimM. 

Theorem 8. If u; e is a representative of the fundamental class of M, then 
there is a commutative diagram 

H*{Q.M) — ^H*{LM) 

y Y 
HmA)) > HH4A) 
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where the lower map is induced by the multiphcation by u, 

^ CH^{A) , [ail ■ ■ ■ \ak] ^ uj[ai\ ■ ■ ■ \ak] . 



Proof. Let K he a 1-reduced finite simplicial set of dimension m homotopy equiv- 
alent to M. We denote by d^K the normalized chain complex on K and by 
uj G C"^{K) a representative of the fundamental class. Clearly we have only to prove 
the result for {A,d) = C*{K). In [23] Szczarba gives an explicit quasi-isomorphism 
of chain algebras a : QC^^K C^{GK) where VL denote the cobar construction 
and GK the loop group associated to K. Since C*(JC) is of finite type, by duality 
we get a quasi-isomorphism of coalgebras a* : C*{GK) M{G*K). By dualizing 
the results of Hess, Parent and Scott ([E], Theorem 4.4 and Theorem 5.1), there 
is a multiplication (associative only up to homotopy) on the Hochschild complex 
GH^{C*K) and a commutative diagram. 



C*{GK) 



C*{LK) 

C'ip)' 

C*K 



■MC*{K) 



C*K 



where r is a quasi-isomorphism preserving the products on C*{LK) and CH^{C*K)^ 
up to homotopy. Moreover t{uj U h) = uj ® a'^q{h) for h G C^{LK). Denote now 
by : (P ® C*K,d) G*{LK) a semifree resolution of C*{LK) as C^iT-module. 
Then the composition t o if : (P (g) C*K,d) GH^{C*K) makes commutative the 
diagram 

(P,d) = ^V>{C*K) 



CH,{C*K) 



{P(g>C*K,d) — 

where ip and ip' consist in the left multiplication by u. Since the horizontal arrows 
in this diagram are quasi-isomorphisms, we deduce that the multiplication by u, ip' : 
'E[C*K) CH^{G* K) is a model for j and induces in cohomology the intersection 
map with the fiber H*{j'). □ 



3 String topology 

3.1 Homotopy invariance of string operations 

Since, as explained in the introduction the a {g,p + q)stTmg operation in cohomology 
is defined by composition of H*{qg) with H*{c) where c is a natural map. It follows 
directly from Theorem 3 that a {g,p + g)string operation in cohomology is invari- 
ant with respect to orientation preserving homotopy equivalences between Poincare 
duality spaces. Thus Theorem B of the Introduction is proved. 
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3.2 The loop product 



The loop product, or (0, 2 + l)-string operation, can be described as follows. The 
injection of 5*^ 11 5*^ into the "pair of pants" surface is homotopy equivalent to the 
injection of S'^IIS'^ into the subspace X C that is the union of the interval [0, 1] x 
{0} with the two circles of radius 1/4 centered at the points (0, 1/4) and (1, 1/4). 
Since this injection is a cofibration, for any 1-connected oriented Poincare duality 
space M of dimension (i, the induced map qx '■ Map(X, M) — > Map(S'^ 11 S"^, M) is a 
fibration that is the puUback fibration of the usual path fibration M''''^! ^ M x M 
along the projection px p : LM x LM ^ M x M. We have recovered Diagram (**) 
of the introduction: 

LM X M LM ^ Map(X, M) ^ ~ > M 

LM X LM — ^ MxM 

Denote by c : LM Xm LM — > LM the composition of loops. The composite 

H*{LM) H*{LM Xm LM) ^^'^ H*{LM x LM) 

is, by definition, the dual of the loop product • on H^{LM). 

Since gx' is a morphism of C*{LM x LM)-modules, H^iqx') ■ H^{LM x LM) 
H^:{LM Xm LM) is a morphism of H*{LM x LM)-modules where the actions are 
given by the cap product. Remark now that the projection p x p : LM x LM — > 
MxM makes H^{LM x LM) a H*{M x M)-module. We extend to the case of 
Poincare duality spaces the following result of Tamanoi in ( p6] , Theorem A) , 

Theorem 9. Let M be a 1-connected oriented Poincare duality space, then the 
loop product is a morphism of H*{M) H* {M)-modules: 

{ainb)»{a2nc) = (-l)l"2l('^+l^l)(aiU«2)n(6«c) , b,c e H,{LM),ai,a2 G H*{M). 



Proof. First remark that H^iqx') ■ H^{LM) ® H^{LM) H^{LM Xm LM) is a 
morphism of H*{LM) ® -f/*(LM)-modules, and therefore a morphism of H*{M) ® 
if*(M)-module. This implies that 

H,{qx')iia nb)®{pn c)) = (-l)'^(l"l+l/3|)+|bM/3|(c, y /?) n H,{qx){{h ® c) . 

Now, since the composition of loops LM x m LM —>■ LM is a morphism over M, the 
induced map in homology is a morphism of if*(M)-modules for the cap product. 
This implies the result. □ 

3.3 The loop coproduct 

Let M be a 1-connected oriented Poincare duality space. Consider the fibration 
g : Z — > LM where 

Z = {{uj,c)\uj e LM, c e M[°'^1 , c(0) = uj{0) , c(l) = uj{l/2)} 
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and q{uj, c) = uj. The space Z has the homotopy type of LM x m LM . Denote by 
TT : Z ^ LM X LM the canonical injection. The dual of the loop coproduct can be 
described as the composition of H*{7r) with the shriek map H*{q-), 

H*{LM) ® H*{LM) H*{Z) H*{LM) . 

The fibration q is obtained as a puUback of the fibration (po,Pi) : M^^'^l M x M 
along the map i : LM M x M that evaluates a loop at the base point and at the 
middle point, e{uj) = (a;(0), a;(l/2)), 

Z^ ^MlO'il 

1 (PO,Pl) 

I ^ I 

LM — > M xM 

Since i is clearly homotopic to the composite LM M ^ M x M, a model for q' 
is obtained by pulling back a model for (po,Pi)' — along A op. 

3.4 The intersection map with the fiber in a monoidal fi- 
bration 

A monoidal fibration is a fibration F E ^ B, with a multiplication jj, : ExbE ^ 
E that extends a multiplication /iq on F. The basic example is the free loop space 
fibration. Denote by A' : E Xb E ^ E x E the natural injection. Then the 
composition 

H,(E X E) "'^"^ H,{E Xb E) 'H'^^ H,{E) 

defines a ^-intersection product on H^{E). Generalizing the result of Chas and 
Sullivan for the usual loop product, we have. 

Theorem 10. Suppose that F, E, B are oriented Poincare duality spaces and that 
B is simply connected. Then the intersection map with the fiber 

H^f) : H,{E) ^ H,{F) 

is a multiplicative map with respect to the ^-intersection product and the product 

Proof. Denote by k : {bo} B the injection of the base point. Since the product 
liQ is the puUback of the multiplication n along k, we have the commutative diagram 

F xF ^ExbE 
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We deduce then from Theorem 4 that H^{iiq) o H^{j'^-) = H^{f-) o H^{fj,) . On the 
other hand we consider the commutative diagram obtained by obvious puUbacks 



Fx F 



Ex E 



F xF 




^E Xb E 




{(&o,M} 



B X B 



Y 




Y 




{bo} 



B. 



By uniqueness of the shriek map (Theorem 2) we obtain 



Then, 



4 Rational string topology 
4.1 Rational homotopy theory 

To make computations over a field Ik of characteristic zero, the good tool is the theory 
of minimal models introduced by Sullivan in [24] (see also [H]). For recall, Sullivan 
defines a functor A(— ) from the category of topological spaces to the category of 
commutative differential graded Q-algebras (for short cdga). One major property 
of the functor A{—) is the existence of a functor E{~) with values in differential 
graded algebras, and the existence of natural quasi-isomorphisms 



If \^ is a graded vector space, AV denotes the free commutative graded algebra 
on V. A Sullivan cdga is a cdga of the form (AV^, d) such that V admits a basis 
(fj) indexed by a well ordered set such that d{vi) G A{vj,j < i). A minimal cdga 
is a Sullivan cdga (AV, (i) for which diV) C A-^(V). Now if (A, c?) is a cdga such 
that H^{A,d) = Q, there exists a minimal cdga (AV, c?) equipped with a quasi- 
isomorphism ip : (AV, d) — > {A,d). This property characterizes {AV,d) up to an 
isomorphism. The cdga (AV, d) is called the minimal model of {A,d). In particular 
the minimal model of A{X) is called the minimal model of X and is denoted by 
Aix- More generally we call model of X any cdga which is quasi-isomorphic to 



□ 



A{X) 4- E{X) -> C*(X;Q) . 



Mx. 
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Every continuous map between connected spaces f : X Y induces a unique 
map up to homotopy Aif : My -Mx making commutative up to homotopy the 
diagram 

A{Y) ^^^^ . A{X) 



Mf 

My ^Mx 

The map A^/ is called the minimal model of f. More generally we call model of / 
every map of cdga's h : [A, d) — >■ [B, d) such that there are quasi-isomorphisms 
and ijj making commutative, up to homotopy, the diagram 

Mr 

My ^Mx 

Y Y 

{A,d) ^{B,d) 

Of course ip and ip are parts of the structure of the model h. 

A relative Sullivan model for a homomorphism of cdga's / : (A, d) — * (5, d) is an 
injection (A, d) ^ {A<S)AV, d) equipped with a quasi-isomorphism ip : (A® AV, d) —>■ 
{B,d) satisfying ip{a (g) 1) = /(a), and where V admits a basis indexed by a well 
ordered set such that D{vi) C A®A{vj,j < i). The relative model is called minimal 
if d{V) C A^2(y) (^>i ^ ^yy 

Let now F ^ E B he a fibration, (A, d) a model for B and (p : {A, d) 
{A ® AV, d) be a relative model for p. The morphism ip is called a relative model for 
the fibration p. The cdga (AV^, d) := Q ®a ® AV, d) is then a model for F. 

For instance a model for the diagonal map A : X ^ X x X is given by the 
multiplication of Mx = (AV, d), : Mx ® Mx ~^ Mx- A relative minimal model 
for the diagonal has the form 

p : (A V (g) A V O AsV, d) (A V, ci) 

where (sV)" = V"+^ and p(sV) = 0. The cdga 

(AV ® AsV, D) := (A V, d) ®av^av (AV ® A V ® AsV, d) 

is then a minimal model for the free loop space on X. Then, 

D{sv) = -Sd{v) , 

where S is the derivation defined by S{v) = sv and S{sv) = (|2Z], [HI page 206]). 
A Poincare duality cdga of dimension m is a cdga (A, d) satisfying: 

(i) A is finite dimensional, = 0, A™ = Qtu, 

(ii) the map 6 : A^ ^ Hom(A'^~'', Q) defined by ab = 6{a){b) -cj is an isomorphism 
for < r < m. 

By a result of Lambrechts and Stanley p2] any simply connected space whose ra- 
tional cohomology satisfies Poincare duality admits a Poincare duality model. 
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4.2 The intersection map with the fiber with rational coef- 
ficients 

Here we will use Sullivan models to give a rational description of H* (f) for a fibration 

F ^ E ^ M with base a 1-connected oriented Poincare duality space. 

Let {A, d) — > {A®f\V, D) (AV, D) be a relative Sullivan model for the fibration 
p : E ^ M. We suppose that = Q and A>"^ = 0. If u; G A™ is a cocycle 
representing the fundamental class of M, then a model of r is given by 

i-:lk^A, r{l)=u. 

Therefore, following the proof of Theorem 7 we obtain: 

Proposition 1. The map H*{j-) : H*{F]Q) H*{E]Q) is induced by the mor- 
phism of {A (8> AV, D)-modules 

(A1/, D)^{A® AV, D), ^ . 



4.3 The rational loop product 

Let M be a Poincare duality space of dimension m and let {A, d) be a Poincare 
duality model for M. Denote by (aj)j a homogeneous basis of A and by (a^)i its 
Poincare dual basis: ■ a'j = 6ij uj. The diagonal element 

D = Y.{-lp\ai®a[eA®A 

i 

is a cocycle such that, for each element a E A, [a® 1)D = (1 (g) a)D. The multipli- 
cation by D is thus a non-trivial morphism of {A ® A)-modules 

Hd-A-^AiS)A. 

Since fj,^ maps the fundamental class to the fundamental class, by Theorem I, fin 
is a representative for A' where A : M denotes the diagonal map. 

Denote by {A ® AsV, D) be a Sullivan model for the free loop space LM. As a 
corollary of Theorem 2, we obtain 

Proposition 2. With the above notation, the morphism 

fiD^l:A ®A^A {A (E) AV, Df^ -^{A(^A) {A ® AVf^ = {A(E) AVf^ 

induces in cohomology the map H*{q-) : H*{LM Xm LM) H*{LM x LM). 

This allow us to extend to Poincare duality space the next result of [16] : 

Theorem 1 1 . There exists an isomorphism of graded algebras between the Hochschild 
cohomology of A, HH*{A), and the loop homology H^,{LM). This isomorphism 
identifies in cohomology the dual of the loop product with the map induced by the 
composite 
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where V : CH^{A) A ®^g)2 {CH^{A))'^ is the morphisni of complexes defined by 

n 

V (a (g) [ail ■ • • |a„]) = ^ a (g) [ai| ■ ■ • \ai] [aj+i| ■ ■ ■ |a„] . 

i=0 



Proof. As proved in [15], the map V is a semifree model for the composition of loops 
c : LM X M LM LM. On the other hand, denoting by {A (g) A V, D) the model 
for the free loop space described above, there is a quasi-isomorphism of semifree 
yl-modules ^p■.{A0 AV, D) CH^{A). 

Denote by m the multiplication in A and hj 6 : A ^ A* = Hom(y4, Q) a 
representative of the cap product with the orientation class. Then we obtain the 
commutative diagram whose vertical lines are quasi-isomorphisms 



A 



A# 



■A(g) A 



A* A* . 



This is the main fact which allows to end the proof as in (|15j). 



□ 



4.4 The rational loop coproduct 

Suppose M is a 1-connected oriented Poincare duality space and Ik = Q. We use 
the notations of section 3.3. To obtain a model for the loop coproduct we need first 
to obtain a model for q' in the derived category of C* (LM)-modules. This model is 
obtained from a model of {po,pi)' by tensorization with a model of the map i. We 
will recover in this way the model described in [5] . 

Let {A, d) be a Poincare duality model for M with fundamental class Q, and 
9 : {A(g> A(g> AZ,d) ^ {A,d), 

9{a ®a'®l) = aa' and 9{Z) = 

be a relative Sullivan model for the product A ^ A ^ A. Let (A (g A (g AZ', D) be 
a copy of {A® A® AZ, D) and form the tensor product 

{A® A® AZ ® AZ', D) := {A® A® AZ, D) ®a<^a {A® A® AZ' , D) . 

Then the injection 

p : (A, d) ® {A,d) ^ {A® A® AZ ® AZ' , D) 

is a model for £ : LM ^ M x M. Recall now that the shriek map associated to 
(PojPi) is represented by the multiplication by the diagonal class fie : A ^ A ® A 
(see section 4.1). Therefore a model for the shriek map associated to q is given by 
q' in the diagram 

{A®AZ® AZ', D) = A ®A<^A {A® A® AZ ® AZ' , D) 

{A® A® AZ ® AZ', D) ^=^= {A ® A) ®A^A {A® A® AZ ® AZ', D) 
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Now observe that the projection 9®1 : {A®A<^AZ^ AZ', D) ^ {A<^ AZ', D) is 
a quasi-isomorphism, and form the composition 

^ ^ {e ® I) o q- : {A® AZ ® AZ' , D)^{A® AZ' , D) . 

We have 

Here x(M) denotes the Euler-Poincare characteristic of M. Therefore, if x(M) = 
then H*{q ) — H*{^) — 0, and thus the loop coproduct is trivial 



5 Gorenstein spaces 

Let X be simply connected Zfc-Gorenstein space of dimension d whose cohomology 
H*{X;lk) is of finite type. The diagonal map A : X ^ X" makes C*{X) into a 
C*(X")-module, and we have 

Theorem 12. 

Extc*(x")(C*(X),C*(X")) ^ . 

Proof. The proof will proceed in two main steps, the first one consisting to replace 
the statement concerning the cochains by a statement concerning their free models 
(§1.4). The second one will concern the computation of the corresponding Ext. 

Step 1 of the proof. (Construction of models). Let 

ipi : {T{V),d) ^ C*{X;lk) and ip^-i : {T{W),d) ^ C*{X''-^;lk) 

be free models of X and 

The tensor product {T{V), d) ® {T{W), d) admits a free model of the form 

: {T{V ®W®s{y® W)), D) ^ (T(V), d) ® {T{W),d) 

where the differential D extends the differentials d already defined on T(y) and 
T{W), and ip(y) = v, (p{w) = w and (p{s{V W)) = 0. For sake of simplicity we 
write VOW :=¥ ®W®s{v ® W). 
Consider the commutative diagram 



C*{X) > C*(X") 



(EZ)* 



C*(X"-i) ® C*{X) ^ ^ (C,(X"-i) ® C^X))* 

in which EZ denotes the Eilenberg-Zilber chain equivalence and qi denotes the 
projection on the last factor. Since (EZ)"^ is surjective, by (FE2) and the diagram 
(* * *) above the map 

■.= C*{q^)ocp,:{T{V),d)^C*{X^) 

extends into a morphism of differential graded algebras, also denoted that makes 
commutative the next diagram. 
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{T{V<}W),D) ^" > C*(X") 



{T{W),d)(^{T{V),d) 



{T{V),d) 



C*{X 



Choose e G X, and denote by : X"-^^ X" and ji : X — >■ X" the injections 
defined by i„_i(a) = (a,e), and ji(a) = (e, . . . ,e, a). Denote also by e : C*(X) — > 
C*({e}) the augmentation map. Since we work with normahzed cochain complexes, 
C*{{e}) = }k. 

The commutativity of the diagram 



C*(X"-i) 



C*(X"-i)(g)C*(X) 

implies the commutativity of the diagram of differential graded algebra, 




(a(x"-i)®a(x))# 




{T{VOW),D) 

(llg)£)0(^ 



Vn-1 



^C*(X") 

C*(in-l) 

V 

C*(X"-i) 



Therefore 

c*{in-i) o e s(y ®w))^o. 

We now apply to C*(A) the hfting homotopy property for free models. Since 
qioA = idx and (pn{v) = C*{qi)ipi{v) the identity on T{V) extends into a morphism 
ip making commutative the following diagram of differential graded algebras 



iT{VOW),D) 
{T{V),d)- 



■C*(X") 

C"{A) 

'C*\x) 



The morphism ip makes T{V) a T[V()W)-m.odu\e. By construction the induced 
structure of T(y)-module on the submodule T(y) of T(y()W) coincide with the 
usual multiplication on T(y). We have the isomorphisms 

Extc*(xn)(C*(X),C*(X")) ^ ^x.tTivow){T{V),T{VOW)) 
^ E-K^Tiyow){T{V),T{W)®T{V)) 

^ H* ( HomT(yoH/)( {T{VOW) ® Z, D),T{W) ® T(\/) ) ) . 
Here {T{VOW) Z, D) denotes a r(yOW^)-semifree model of T{V). 
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Step 2 of the proof. (Computation of Extc.(X")(C*(X), C*(X'^))). 
We fix a non negative integer N and we filter the complex 



RomTivow) T(VOW) ® Z, T{W) ® ^ 



by the sub vector spaces, C F^~^ defined by: 



T(V)-P 

This filtration induces a converging spectral sequence with 

E^,^* ^ {ip\ip{Z) GT{W) ®T{Vr} , 

Lemma 2. This spectral sequence collapses at the E2-level and 

E^'* = s^''-'^'^HP{T{V)/T{V)>^) . 



Proof. Recall that V()W = V ® W ® s{V (g) W) and denote by / the ideal in 
T{V()W) generated by V and s{V ® W). Since I acts trivially on T{W) T{Vy, 
we have an isomorphism of complexes 

RomT(yow)iTiV<)W) ® Z, T{W) T{V)p) 

~ HomT(i^)(r(W^) ^T{vow) {T{VOW) (g) Z), T{W) (g) T(y)f) . 

Here T{W) is considered as a T(V"OW^)-niodule via the morphism (e g) 1) o . We 
have also quasi-isomorphisms between bar constructions: 

M{T{W),T{V<)W), Ik) ~ 1(T(W^), T(l^) ® TiV), Jk) 

^ M{T{W),T{W), Ik) M{T{V)) ~ m{T{V)) . 

It follows that the natural injection 

i(T(\/)) := B(/fc, T(l^), Zfc) 1(T(VF), T(\/OW^), ^) 
is a quasi-isomorphism of complexes. We consider then the injection 

j : M{Ik,T{V),T{V()W)) ^ M{T{W),T{V<)W),T{V<)W)) , 

and we filter the complexes B{Ik, T{V),T{VOW)) and 3{T{W),T{V()W),T{V()W)) 

respectively by M{T{V))^p ® T{VOW) and (t{W) O l(T(V"OVr)))"^ ® r(l^OW^). 
The morphism j preserves the filtrations and induces an isomorphism at the £^2-level 
of the associated spectral sequences. Therefore j is a quasi-isomorphism so that we 
deduce the isomorphisms 

H4T{W) 0T(vow) {T{V()W) ® Z)) ^ TorJ(^^'^)(T(iy),T(\^)) 
^ H,iM{T{W),T{V()W),T{V()W)) ®T{vm) Tiy)) 

^ H,{M{lk,T{V),T{VOW)) 0Tivow) T{V)) = H,mik,T{V),T{V))) ^Jk. 
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This shows that T{W) ^t{vow) {T{V()W) (g) Z) is a semifree resolution of Ik as 
T(iy)-module. Therefore, 

and 

E2 ^ s^''-^^'^H*{T{V)/T{V)>^) . 

□ 

TjV ) 

T{vy 



Now since T{V) is of finite type, T{W) T{V) = lim T{W) ® 7^7777^, and 



RomT(vow) (Tivow) z, T{w) (g) 

/ T(V) 
= hm HomT(yovK) {T{VOW) ® Z, r(W^) ^ ^ ^ 



We get therefore the short exact sequence 

^ hms("-^)'^//p-("-^)''(T(y)/T(y)>^) ^ 

Since the tower {s^''-^'^^Hp{T{V)/T{V)>^))n satisfies the Mittag-Leffler condition, 
we have in fact isomorphisms 

Exe^^y^y^,•^{T{V),T{W) ® T{V)) ^ lims^''-'^'^HP{T{V)/T{V)>^) ^ //^-("-^^'^(X) . 

□ 

CoroUeiry. Let A : — > X" be tie product of diagonal maps X — > i = 
l,...,r. Then 

Extc'(xn){C*{X'),C*{X'')) = s^"'-'^'^ H*{X') . 

Here C*{X'^) is viewed as a C*{X'') -module via C*{A). 
Proof. Write A as the product of diagonal maps 

A = AiX ■■■ X A^: X X ■■■ X X ^ X""' X ■■■ X X'''' . 

Then denoting by Tx^ a free model for C*{X^), we have 

Extc'(Xn){C*{X^),C*{X^)) ^ E^tT^4Txr,Txn) 

□ 

We denote by A' the map defined in the derived category of C*(X")-module 
from C*{X^) to C*(X") corresponding to a generator of Extgl"^5f)(C*(X''), C*(X")). 
This element is well defined up to homotopy and up to the multiplication by a scalar. 
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Letp: E 



X" be a fibration and consider the homotopy pullback 

a 




In the same way that Theorem 2 and Theorem 3 are proved, we get 

Theorem 13. If the spaces arising in the above diagram are Gorenstein spaces 
then in the derived category of C*{E) -modules, there exists a unique morphism (up 
to homotopy and up to multiphcation by a scalar) g' : C*{E') — > C*{E) making 
commutative the diagram 



C*{E') - 

A 

c-(p') 

When the fiber of A is a Poincare duality space, then if* (A') and H*[g) coincide, 
up to multiplication by a scalar, with the integration along the fiber. 



^C*{E) 

C'ip) 

C*(X"). 



6 String operations on a Gorenstein space 

Let be a connected surface of genus g with p > 1 incoming boundary components 
and q > 1 outgoing boundary components. Then the injection of the incoming 
components defines for each Gorenstein space X a map qs : Map(S', X) {LXy 
that is the homotopy pullbak in a diagram 

Map(5, X) ^ {LX)P 

I A ^ 

x'- ^ X* . 

By Theorem 12, in the derived category of C*((LX)^)-modules there exists a well 
defined map (up to homotopy and up to multiplication by a scalar) 

(qs)- : C*{MMS,X)) ^ C*{{LXy) . 

Thus, as descibed in the introduction in case of Poincare duality spaces, {g,p + q)- 
string operations are well defined up to multiplication by a scalar. 

6.1 The loop product for a classifying space 

First remark that if X is the classifying space BG of a compact connected Lie 
group G then the homotopy fiber of the diagonal map A : X"^ —>■ X* is the space 
[QBGy^'" = G*"'" that is a finite dimensional Poincare space. Therefore, by Theorem 
3, the integration along the fiber gives a shriek map A' as required by Chataur and 
Menichi, [H]. 

Theorem 14. IfIk = Q and G is a compact connected Lie group then loop product 
H^{LBG) (g) H*{LBG) H^{LBG) is trivial 
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Proof. A Sullivan model for BG is given by Aq = (A(xi, . . . , Xn), 0) where n =rankG 
and the Xi have even degree, \xi\ = 2ni. A Aq ® Ac-semifre model of Aq is: 

V? : (A(xi, . . . . . . ,x^,xT, . . . jX^l),!)) (A(xi, . . . ,x„),0) , 

where \x'j\ = 2ni , \'Xi\ = 2ni — 1, D{xi) = D{x'^) = 0, the differential on the lefthand 
cdga is determined by: D{xi) = Xi — x[ and the morphism of cdga's if is defined by 
: v^(xj) = (/^(x'j) = Xi and '{){xi) = 0. Then, a representative of A' is given by the 
morphism of (A(xj, x'j), 0)-modules 

a' : {A{xi,x'i,xl),D) {A{xi,x'i),0) 

defined by A'ixi^Xi^- ■ -a^) = if a^a^- ■ ■ 7^ xi- ■ -x^ and is equal to 1 oth- 
erwise. Since the differential in the minimal model of BG is zero, the Sullivan 
minimal model for the free loop space on BG is (A(a;i, . . . , x„, a^i, . . . , xj^), 0) with 
= 2ni — 1. A model for the projection p x p : LM x LM M x M is given 
by the inclusion p : (A(a;i, a;^), 0) {A{xi,x'i,Xi,x[),0). A representative for {qx)' is 
thus given by the tensor product 

ip = (A(xj, Xj, Xj, x'j), 0) ^/\(xi,x[) A' : (A(xj, x^, Xj, Xj, x^), D) — (A(xj, Xj, Xj, x^), 0) . 

Now remark that the injection of (A(xj, a^, xj), 0) into the first factor is a quasi- 
isomorphism and the composition with ip is zero. This shows that the loop product 
is zero for BG. □ 

Remark. Denote by Mi C M2 ■ ■ ■ C M„ C BG be a sequence of compact manifolds 
in BG such that BG = UM„. Then by restriction to M„ we get a fibration QBG 
LnBG — ^ M„ and a loop product on H^LnBG. The injection M„_i ^ M„ induces a 
multiplicative shriek map H^{LnBG) H^{Ln-iBG) . In [I7j Gruher and Salvatore 
define the loop product on BG to be the graded algebra \im. H^{LnBG). This so- 
called loop product is no more a product on H^, {BG) and is different from our loop 
product. 

6.2 The loop coproduct of a classifying space 

Theorem 15. If Ik = Q and if G is a compact Lie group then the loop coproduct 
H^{LBG; Q) ^ H^{LBG) ® H*{LBG) is an injective map. 

Proof. Denote by (A(xi),0) a Sullivan minimal model for BG as in the previous 
section. We consider anew the first diagram in § 3.4, with X in place of M. We use 
the model of A' described above, 

A- : {A{xi,x'i,Xi,D) (A(xi,x'),0), 

where D{xi) = Xi — x[. A model for i is given by the inclusion 

: (A(xj,x'J,0) {A{xi,Xi,Xi,xl),D) 

where |x^| = |a^| = 2nj — 1, D{x^) = Xj — x'j and D{xi) = 0. Therefore a model for 
q- can be choosen as 

g- = A' (g) 1 : {A{xi,x'i,Xi,Xi,xi),D) (A(xi, x-, xj^, xj), D) . 
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We consider now the following diagram where the vertical maps are quasi-isomorphisms 

of cdga's 

{A{xi,x-i,xi,),0) {A{xi,xi),D). 

where the quasi-isomorphisms r and ip are defined by: T{xi) = Xi, T^xt) — xl — Xi, 
T{xi) — Xi, ip{xi) — ip{x'j) — Xi, ip{xi) — and ip{xi) — xl. The composition ipoq'oT 
is a surjective map and so is H{q). 

A model for the injection LBG x bg LBG — >■ LBG x LEG is given by the 
surjection 

{A{xi,xl),Q) (g) (A(a:-,5^),0) {A{xi,xl,xl),Q) . 
The dual of the loop coproduct is the composition 

H*{LBG X LBG) H*{Z) H*{LBG) . 
Since both maps are surjective, this is also true for the composition. □ 
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